In the paper, the notion of a generalized convexity was defined and studied from the view-point of the selection and approximation theory of set-valued maps. We study the simultaneous existence of continuous relative selections and graph-approximations of lower semicontinuous and upper semicontinuous set-valued maps with α-convex values having nonempty intersection.
Introduction
In the paper we study criteria for the existence of the so-called relative graph-approximations, selections and approximate selections of set-valued maps admitting closed and α-convex values in an α-convex metric space. The notion of generalized convexity under consideration constitutes a slight generalization of α-convexity defined by de Blasi and Pianigiani (see [3, 4] ). Given an upper semicontinuous map ϕ : X Y , where X is a finitedimensional metric space and Y is a complete α-convex metric space, a lower semicontinuous map ψ : X Y (both with closed and α-convex values) such that, ϕ(x) ∩ ψ(x) = ∅, a closed set A ⊂ X and ε > 0, we establish the existence of δ > 0 such that any continuous map f : A → Y being simultaneously a selection of ψ and a δ-approximation of ϕ admits a continuous extension f * : X → Y such that f * is a selection of ψ and In their definition, the authors in [3] require a stronger version of the above mentioned continuity and they demand that: ( * ) for all ε > 0, there is η ∈ (0, ε] such that, for any x 1 , x 2 , y 1 , y 2 ∈ Y , if d(x 1 , y 1 ) < ε and d(x 2 , y 2 ) < η, then D(Λ α (x 1 , x 2 ; [0, 1]), Λ α (y 1 , y 2 ; [0, 1])) < ε.
Our setting seems to be more natural, since -contrary to the definition of de Blasi and Pianigiani -it is just an equivalent of the usual Hausdorff continuity of the map X × X (x, y) Λ α (x, y; [0, 1]). Consider also the following example.
Example 2.4. Consider the two-dimensional sphere S 2 := {x = (x 1 , x 2 , x 2 ) ∈ R 3 | x = 1} and denote by d the metric on S 2 induced by the Euclidean norm · in R 3 . Let Y = {x ∈ S 2 | x 2 1 + x 2 2 < sin 2 ρ}, where ρ ∈ (0, π 2 ). It is easy to see that Y is nothing else but the set of points whose northern altitude is greater than ρ. Define α : Y × Y × [0, 1] → X for x = (x 1 , x 2 , x 3 ), y = (y 1 , y 2 , y 3 ) ∈ Y by the formula α((x 1 , y 1 , z 1 ), (x 2 , y 2 , z 2 ), t) = x(t), y(t), 1 − x 2 (t) − y 2 (t) , where x(t) = |B| √ A 2 + B 2 cos g t 1 ,t 2 (t) + B 2 + C 2 A 2 + B 2 + C 2 − A 2 A 2 + B 2 sin g t 1 ,t 2 (t), y(t) = |A| √ A 2 + B 2 cos g t 1 ,t 2 (t) + A 2 + C 2 A 2 + B 2 + C 2 − B 2 A 2 + B 2 sin g t 1 ,t 2 (t), A = y 1 z 2 − y 2 z 1 , B = x 2 z 1 − x 1 z 2 , C = x 1 y 2 − x 2 y 1 , It is easy to see that, for x, y ∈ Y , the set Λ α (x, y; [0, 1]) is the arc of the great circle passing through x and y. It is rather obvious (but requiring tedious computation) that α satisfies properties listed in Definition 2.3. At the same time α does not have property ( * ). De Blasi and Pianigiani study a similar example but they have to assume that ρ ∈ (0, π 4 ) in order to assure that property ( * ) is satisfied.
It is clear that a space Y together with α satisfying property ( * ) satisfies (iv). Therefore all examples given in [3] are α-convex in the sense of Definition 2.3.
Let (Y, α) be an α-convex space. We say that A ⊂ X is α-convex if, for any a 1 , a 2 ∈ A and t ∈ [0, 1], α(a 1 , a 2 , t) ∈ A. The continuity of α implies that if A ⊂ X is α-convex, then so is A.
In what follows the concept of a pseudo-barycenter plays an important role (compare [5] ). Definition 2.5. Let Y be an α-convex metric space. Let n ≥ 1 be an integer. For y 1 , . . . , y n ∈ Y and (λ 1 , . . . , λ n ) ∈ Σ n := {(λ 1 , . . . , λ n ) | 0 ≤ λ i ≤ 1, i = 1, . . . , n, λ 1 + . . . + λ n = 1}, the corresponding a n-pseudobarycenter b n (y 1 , . . . , y n ; λ 1 , . . . , λ n ) is defined as follows:
and, for n ≥ 3,
. . , y n−1 ;
1−λn , y n , λ n , if λ n = 1.
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We shall need the following properties of the pseudo-barycenter (compare [5] ).
Property 2.6. For any n ≥ 1, the map b n : Y n × Σ n → Y is continuous.
In what follows we shall frequently make use of the following formalism.
Assume that (J, ≺) is a well-ordered set and let λ : J → [0, 1] be such that the set J 0 := {j ∈ J | λ(j) > 0} is finite, i.e., J 0 = {j 1 , . . . , j m }, where
where y i := y(j i ) and λ i := λ(j i ) for i = 1, . . . , m.
Obviously, by the Zermelo theorem [9] , every set can be a well-ordered. In this paper, we let each set J of indices be a well-ordered set in the sense of a relation ≺. Proposition 2.8. Let X be a metric space, Y be an α-convex metric space and assume that functions y : J → Y and λ : J × X → [0, 1] are given. Suppose that {carr λ(j, ·)} j∈J is a locally finite covering of X (in particular, for each x ∈ X, the set J(x) := {j ∈ J | λ(j, x) > 0} is finite) and, for each j ∈ J, the function λ(j, ·) : X → [0, 1] is continuous. Then, for each x ∈ X, we may define b(y, x) := b(y, λ(·, x)).
is also continuous.
Continuous selections and approximations in ...
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P roof. For each j ∈ J, let U j := carr λ(j, ·). Obviously U j is open for any j ∈ J. Moreover, for any x ∈ X, let J(x) := {j ∈ J | λ(j, x) > 0} and m x := #J(x). According to formula (1),
where J(x) = {j x 1 , . . . , j x mx } and j x i ≺ j x i+1 for all i = 1, . . . , m x − 1. Let x 0 ∈ X. There exists a neighborhood Ω x 0 of x 0 such that the set I(x 0 ) := {j ∈ J | Ω x 0 ∩ U j = ∅} is non-empty, finite and ordered. Let n x 0 := #I(x 0 ).
Observe that, if x ∈ Ω x 0 , then J(x) ⊂ I(x 0 ). By Property 2.7 and in view of (2), we have
where I(x 0 ) = {j 1 , . . . , j nx 0 } and this sequence increases (in the sense of ≺). In view of Property 2.6 (in fact the continuity of b n (y 1 , . . . , y n ; ·) : Σ n → Y is sufficient) and continuity of the function λ(j, ·) :
In view of Proposition 2.1, b(y, ·) is well-defined and continuous. The proof of continuity of the function x → b(y(·, x), λ(·, x)) is analogous if we use the continuity of the map b n : Y n × Σ n → Y . Proposition 2.9. Let Y be an α-convex metric space and 0 ≤ p < ∞ be an integer number. Then, for each ε > 0, there exists δ > 0 such that, for any 1 ≤ n ≤ p + 1, any y 1 , . . . , y n ∈ Y and any non-empty
P roof. Let ε > 0. Let δ p+1 := η, where η > 0 corresponds to ε as in Definition 2.3. Obviously, we may take η < ε. Suppose that δ i > 0, for 2 ≤ i ≤ p, is defined. By definition, there is δ i−1 > 0 such that δ i−1 ≤ δ i and, for all
In this manner the number δ := δ 1 is well-defined.
Let 1 ≤ n ≤ p+1. Take a set A ⊂ Y and arbitrary points y 1 , . . . , y n ∈ Y such that d(y i , A) < δ for i = 1, 2, . . . , n. We shall show that
If n = 1, then b 1 (y 1 ; 1) = y 1 , and hence d(b 1 (y 1 ; 1), A) < δ = δ 1 . Let n > 1 and assume that, for any (
Hence there is x n ∈ A such that
where (4) and (5) and the definition of δ n , we see that
Observe that if n = 2, then we can take δ := η from Definition 2.3.
Continuous selections and approximations
It is an important fact in this section that, for every continuous function defined on a closed subset of a finite-dimensional metric space with values in an α-convex metric space, there exists a continuous extension onto the whole domain. It means that an α-convex metric space is an "almost" absolute retract (in the paper [2] it is proved that an α-convex metric space defined by De Blasi and Pianigiani is an absolute retract). Let us sketch the proof:
Let X be a metric space such that dim X = p < ∞ and Y be an α-convex metric space. Let A ⊂ X be a closed set. Take a continuous function
Consider the so-called Dugundji system
(ii) {U j } j∈J is a locally finite covering of X \ A;
Without loss of generality we may assume that {U j } j∈J is such that every collection consisting of p + 2 elements U j 1 , . . . , U j p+2 of this covering has empty intersection. Let {λ j } j∈J be a continuous partition of unity subordinate to {U j } j∈J . Define functions λ :
Hence, in view of the Proposition 2.8, we have a continuous function b(y, ·) :
We define the continuous extension f : X → Y of f by the formula
In particular, by the above assertion, it follows that, for each α-convex closed subset T of an α-convex metric space such that T ⊂ M and dim M < ∞,
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A. Kowalska there exists a retraction r : M → T as an extension of an identical function id T : T → T .
Let us start with the following result saying that any locally selectionable set-valued map with α-convex values admits a continuous selection.
Theorem 3.1. Let X be a metric space, dim X < ∞, and let Y be an α-convex space. If a set-valued map F : X Y has α-convex values and, for any point x ∈ X, there is a neighborhood V x and a continuous function
P roof. Let W := {W j } j∈J be a locally finite refinement of the covering V := {V x } x∈X and {λ j } j∈J be a continuous partition of unity subordinate to W.
For all j ∈ J, let x j ∈ X be such that W j ⊂ V x j . Without loss of generality we may assume that, for each j ∈ J, W j ⊂ V x j . Since for f x j : W j → Y there exists an extension to the whole space X, we may assume that f x j is actually defined on
. Then all assumptions from Proposition 2.8 are satisfied, hence we may define
Clearly, f : X → Y is well-defined and continuous. Let x ∈ X. We have that the set {j ∈ J | λ(j, x) > 0} = {j 1 , . . . , j m } is non-empty, finite and wellordered. Since, for each i = 1, . . . , m, f j i (x) ∈ F (x) and F (x) is α-convex, we see that f (x) ∈ F (x).
A theorem below shows a connection between a graph-approximation and a selection of set-values maps. Theorem 3.2. Let X be a metric space such that dim X = p < ∞ and Y an α-convex metric space. Let ψ : X Y be a lower semicontinuous map with α-convex values, and ϕ : X Y be an upper semicontinuous map with α-convex values such that ϕ(x) ∩ ψ(x) = ∅ for each x ∈ X. Then, for any ε > 0 and a continuous function µ : X → (0, ∞), there is a continuous map f : X → Y such that f is an ε-selection of the map ψ and a (µ(·), ε)-approximation of the map ϕ. P roof. Let ε > 0 and µ : X → (0, ∞) be a continuous function. By Proposition 2.9, there exists 0 < δ ≤ ε such that, for every y 1 , . . . , y k ∈ Y , 1 ≤ k ≤ p + 1, and a non-empty
Then, in view of the upper semicontinuity of ϕ and continuity of µ, for each x ∈ X, the set U (x) is open. Thus U := {U (x)} x∈X is a covering of X. Since dim X = p, there exists an open refinement U of U such that every collection consisting of p + 2 elements U 1 , . . . , U p+2 of U has an empty intersection. Next let V := {V } be an open star-refinement of U , i.e., for any V ∈ V, there is U ∈ U such that
Without loss of generality we may assume that the covering V is such that each collection of p + 2 elements from V has an empty intersection.
For any x ∈ X, choose z x ∈ ϕ(x) ∩ ψ(x) and consider the covering T := {T V (x)} V ∈V, x∈X of X, where
Obviously, by lower continuity of ψ, the set T V (x) is open for every V ∈ V and x ∈ X. Let {λ j } j∈J be a partition of unity subordinated to T . Hence, for each j ∈ J, there are V j ∈ V and x j ∈ V j such that supp λ j ⊂ T V j (x j ).
Define functions λ : J × X → [0, 1] and y : J → Y putting λ(j, x) := λ j (x) and y(j) := z j := z x j for j ∈ J and x ∈ X.
Obviously, all assumptions of Proposition 2.8 are satisfied and we may define a map f : X → Y by the formula
This map is well-defined and continuous.
276
A. Kowalska
On the other hand, x ∈ T V j (x j ) ⊂ V j and x j ∈ V j for all j ∈ J(x). Hence, using the fact that V is a star refinement of U , there is U ∈ U such that x, x j ∈ U for all j ∈ J(x). Since U is a refinement of U, there is x ∈ X such that x, x j ∈ U (x) for all j ∈ J(x). Consequently, for any such j, z j ∈ ϕ(x j ) and ϕ(
2 < µ(x). This completes the proof.
Observe that if µ(x) = ε, for all x ∈ X, then the above function f is an ε-graph-approximation of ϕ. By Proposition 2.9, there exist strictly decreasing sequences (δ n ), (θ n ) such that, for any n ≥ 1, 0 < 2δ n < θ n < 2ε n , where ε n := 2 −n−1 ε, and the following two conditions (C 1 ), (C 2 ) are satisfied.
By Theorem 3.2, there exists a continuous function
g(x) ∈ B(ϕ(B(x, µ(x))), θ 1 /2).
Now we shall construct a sequence (f n ) ∞ n=1 of continuous functions f n : X → Y such that, for every x ∈ X,
Let f 1 := g. Suppose that n ≥ 2 and that continuous functions f i : X → Y , i = 1, . . . , n − 1, have been defined. In order to construct f n : X → Y , let Φ n : X Y be given by
It is clear that Φ n (x) has nonempty values and, in view of Proposition 2.2, is l.s.c. For each y ∈ Y 0 := ψ(X), let
Then, in view of the lower semicontinuity of Φ n (x), U := {U y } y∈Y 0 is an open covering of X. Since dim X ≤ p, there exists an open refinement V := {V j } j∈J of U such that every collection consisting of p + 2 elements V 1 , . . . , V p+2 of V has an empty intersection. Let {λ j } j∈J be a partition of unity subordinate to V. As before we assume that the set J is well-ordered. For each j ∈ J, there is V j ∈ V and y(j) ∈ Y 0 such that supp λ j ⊂ V j ⊂ U y(j) .
Define function λ : J × X → [0, 1] putting λ(j, x) := λ j (x) for j ∈ J and x ∈ X. Because the function λ satisfies assumptions of Proposition 2.8, then we may define a map f n : X → Y by the formula
By Proposition 2.8, f n is well-defined and continuous.
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We shall show that conditions (11), (12) hold. Indeed, let x ∈ X. For each j ∈ J, if x ∈ supp λ j , then x ∈ V j ⊂ U y(j) . Hence Φ n (x) ∩ B(y(j), δ n ) = ∅ and therefore
Observe that #{j ∈ J | x ∈ supp λ(j, ·)} ≤ p + 1. By (C2), we have
i.e., f n satisfies condition (11) .
Since x ∈ U y(j) , then B(f n−1 (x), θ n−1 /2) ∩ B(y(j), δ n ) = ∅ and we get that
Then, by (C1),
This shows condition (12) and inductively completes the construction of the sequence (f n ) ∞ n=1 . Since, for each x ∈ X, (f n (x)) ∞ n=1 is a Cauchy sequence and the space Y is complete, (f n (x)) ∞ n=1 converges to a point f (x) ∈ Y . Because the sequence (f n ) ∞ n=1 is uniformly convergent, then the function f : X → Y is continuous. Moreover, it is clear that f (x) ∈ ψ(x) for any x ∈ X.
For every x ∈ X, we have
By (7),
The proof is complete.
Remark 3.5. Observe that if in Theorem 3.4 ψ(x) = Y , for every x ∈ X, than we have generalization of the Cellina theorem (see [7] ), and if ϕ(x) = Y , for each x ∈ X, than we have the Michael type continuous selection theorem (see [15] ).
Now we present the relative graph-approximations theorem.
Theorem 3.6. Let X be a metric space, dim X < ∞, and Y be an α-convex metric space. Let ψ : X Y be a D-lower semicontinuous map with α-convex values and ϕ : X Y an upper semicontinuous map with α-convex closed values such that ϕ(x) ∩ ψ(x) = ∅ for each x ∈ X. Let A ⊂ X be any closed set.Then, for any ε > 0 and 0 < δ < η, where η ≤ ε corresponds to ε as in Definition 2.3, we have that
to a map f : X → Y such that f is an ε-graph-approximation of ϕ and an ε-selection of ψ,
(ii) there exists a continuous function δ : X → (0, ∞) such that any δ(·)-graph-approximation f : A → Y of ϕ such that f is a selection of ψ extends to a map f : X → Y such that f is an ε-graph-approximation of ϕ and an ε-selection of ψ.
P roof. Let ε > 0 and 0 < δ < η, where η ε corresponds to ε as in Definition 2.3.
Step 1. We shall construct a continuous function µ : X → (0, ∞) such that, for each x ∈ X, there is x ∈ B X (x, η) such that
Because of ϕ is u.s.c., then we can, for each x ∈ X, choose r x ∈ (0, η) so that ϕ(B(x, 2r x )) ⊂ B(ϕ(x), η − δ).
Let {λ j } j∈J be a partition of unity subordinated to the covering {B(x, r x )} x∈X , that means, for each j ∈ J, there is a point x j such that supp λ j ⊂ B(x j , r j ), where r j := r x j , and j∈J λ j (x) = 1 for each x ∈ X. Put µ(x) := j∈J λ j (x)r j .
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A. Kowalska Let x ∈ X, then there is j ∈ J such that λ j (x) > 0 and µ(x) ≤ r j . Since λ j (x) > 0, then x ∈ B(x j , r j ), i.e., d X (x, x j ) < r j . Thus
and hence
We have that
We finish the proof if we put x = x j .
Step 2. For each (x, y) ∈ X × Y , put
We shall show that there is a continuous function δ :
The upper semicontinuity of ϕ implies that, for any x ∈ X, there exists a number r(x) > 0 such that
Let {λ j } j∈J be a partition of unity inscribed into the covering {B(x, r(x))} x∈X . Hence, for each j ∈ J, there is x j ∈ X such that supp λ j ⊂ B(x j , r(x j )). Let r j := r(x j ) and define
Take x ∈ A. There is j ∈ J such that λ j (x) > 0 and δ(x) ≤ r j . Thus x ∈ B(x j , r j )). Since
281
then there is x ∈ B(x, δ(x)) and y ∈ ϕ(x ) such that f (x) ∈ B(y , δ(x)).
Therefore y ∈ ϕ(B(x j , 2r j )) and f (x) ∈ B(ϕ (B(x j , 2r j ) ), r j ). Altogether we have
Step 3. Take any function f : A → Y such that f is a δ-selection of ϕ (adequately a δ(·)-graph-approximation of ϕ) and a selection of ψ. We shall construct f : X → Y a continuous extension of f such that f is a δ-selection of ψ.
Let 0 < ξ ≤ δ be a number such that, for any
Since ψ is D-lower semicontinuous, then, for each z ∈ X, there is a neighbourhood
Obviously, V ξ (z, y) is a neighbourhood of the point (z, y). Let
We have that (x, f * (x)) ∈ U ξ ψ , this means that there exist z ∈ X and y ∈ ψ(z) such that x ∈ U z and f * (x) ∈ B(y, ξ/2). Thus
Therefore f * | M is a ξ-selection of ψ over M .
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Take any ξ-selection g : X → Y of the map ψ. Such function exists, by Theorem 3.2. Let V be an open neighbourhood of the set A such that A ⊂ V ⊂ V ⊂ M and let {β, κ} be a continuous partition of unity subordinate to {M, X \ V }, that means supp β ⊂ M , supp κ ⊂ X \ V and β(x) + κ(x) = 1 for all x ∈ X. Define a continuous function f : X → Y as follows
.
, ξ) and, by Proposition 2.9, we have
Step 4. We shall show that
Let w ∈ W . Since (w, f (w)) ∈ U δ ϕ , then there is (x, y) ∈ Gr (ϕ) such that w ∈ µ −1 ((µ(x)/2, ∞)) ∩ B(x, µ(x)/2) and f(w) ∈ B(y, δ). Thus we have that f(w) ∈ B(y, δ) and y ∈ ϕ(x), where
Step 5. By above steps we have the continuous function f :
Take an open neighbourhood V of A such that A ⊂ V ⊂ V ⊂ W . Let {β, κ} be a partition of unity inscribed into the covering {W, X \ V }, i.e., β, κ : X → [0, 1] are continuous and supp β ⊂ W, supp κ ⊂ X \ V and β(x) + κ(x) = 1 for all x ∈ X. By Theorem 3.2 there exists a continuous function g : X → Y which is a (µ(·), δ)-approximation of ϕ and a δ-selection of ψ. Define f : X → Y as follows
Obviously f is continuous. Let x ∈ X. If x ∈ W , then β(x) = 0 and κ(x) = 1, thus f(x) = g(x). We have
and, by Step 1,
ϕ(x) is α-convex, so, by Proposition 2.9, we have
Assumptions of Theorem 3.6 state that the map ψ is D-lower semicontinuous, because it was necessary in order to get the existence of an extension of a selection of the mapping to a δ-selection. But we know that D-lower semicontinuity implies lower semicontinuity and if values of the map ψ are compact, then we have a reverse implication.
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A. Kowalska Remark 3.7. Observe that Theorem 3.6 may be formulated as follows.
Let X be a metric space, dim X < ∞, and Y be an α-convex metric space. Let ψ : X Y be a D-lower semicontinuous map with α-convex values and ϕ : X Y an upper semicontinuous map with α-convex closed values such that ϕ(x) ∩ ψ(x) = ∅ for each x ∈ X. Let A ⊂ X be any closed set. Then, for any ε, ι > 0 and 0 < δ < η, where η ≤ ε corresponds to ε as in Definition 2.3, we have that (i) each δ-selection f : A → Y of ϕ such that f is a selection of ψ extends to a map f : X → Y such that f is an ε-graph-approximation of ϕ and an ι-selection of ψ,
(ii) there exists a continuous function δ : X → (0, ∞) such that any δ(·)-graph-approximation f : A → Y of ϕ such that f is a selection of ψ extends to a map f : X → Y such that f is an ε-graph-approximation of ϕ and an ι-selection of ψ. By Proposition 2.9, there exist strictly decreasing sequences (δ n ), (θ n ) such that, for any n ≥ 1,
By Theorem 3.6 (in fact Remark 3.7), there exists a continuous function δ : X → (0, ∞) such that any δ(·)-graph-approximation g : A → Y of ϕ such that g is a selection of ψ extends to a map g : X → Y such that g is an ε 2 -graph-approximation of ϕ and a θ 1 2 -selection of ψ. Let f : A → Y be a δ-selection (resp. δ(·)-graph-approximation) of ϕ and a selection of ψ. By the above theorem, we have an extension g : X → Y such that g is an ε 2 -graph-approximation of ϕ and a
For this construction we use the lower semicontinuous function
The function f := lim n→∞ f n is a required extension of the function f .
Under the same assumptions as in the above theorem, we have the following conclusions. Let ε > 0 and A be a closed subset of X.
Corollary 3.9. Each selection f : A → Y of ϕ and ψ over A can extend to an ε-graph-approximation of ϕ and a selection of ψ.
Corollary 3.10. If A is compact, then there exists δ > 0 such that every δ-graph-approximation f : A → Y of ϕ such that f is a selection of ψ over A extends to a map f : X → Y such that f is an ε-graph-approximation of ϕ and a selection of ψ.
P roof. Let ε > 0. Suppose that T contains only one point, T = {y 0 }. Then f (x) = y 0 for all x ∈ K. We have that
Suppose that T contains more then one point. Let r : {b n (y 1 , . . . , y n ; Σ n )} → T be a retraction, where {b n (y 1 , . . . , y n ; Σ n )} := {b n (y 1 , . . . , y n ;
. . , y n ; Σ n )} be a continuous surjection. The function ν has a form ν = ν 3 • ν 2 • ν 1 , where
is a continuous surjection; it exists because Σ n is a locally connected metric continuum (a continuum is a compact connected set) and hence it is a continuous image of a segment [0,1] (see [11] ); (c) ν 3 : Σ n → {b n (y 1 , . . . , y n ; Σ n )} and ν 3 ((λ 1 , . . . , λ n )) = b n (y 1 , . . . , y n ; λ 1 , . . . , λ n ) for all (λ 1 , . . . , λ n ) ∈ Σ n . d X×Y (z, Gr (f )) < ε.
Then we have D(Gr (f ), Gr (ϕ)) < ε.
Definition 3.14 (compare [18] ). Let X, Y be metric spaces. A map F : X Y is called sub-lower semicontinuous if, for each x ∈ X and each ε > 0, there is z ∈ F (x) and a neighborhood U x of x in X such that z ∈ B Y (F (y), ε) for each y ∈ U x .
It is clear that the sub-lower semicontinuity is weaker than the lower semicontinuity. This function is sub-lower semicontinuous, but it is not lower semicontinuous (at the point x = 1).
The following theorem concerns an existence of a continuous ε-selection for set-valued maps.
Theorem 3.16. Let X be a metric space and Y be an α-convex metric space, dim X < ∞. Let F : X Y be a map with α-convex values. Then F is sub-lower semicontinuous if and only if, for each ε > 0, there is a continuous function f : X → Y such that d Y (f (x), F (x)) < ε for each x ∈ X. P roof. Let ε > 0. Suppose that F is sub-lower semicontinuous. For each x ∈ X, let z x ∈ F (x) and U x be an open neighborhood of x in X such that z x ∈ B Y (F (y), δ), for each y ∈ U x , where δ is as in Proposition 2.9 and corresponding to ε and dim X.
Let {V j } j∈J be an open refinement of the covering {U x } x∈X such that every subfamily consisting of p+2 sets in {V j } j∈J has an empty intersection. Hence, for each j ∈ J, there is x j ∈ X such that V j ⊂ U x j . Let {λ j } j∈J be a partition of unity subordinated to {V j } j∈J .
(iii) F is sub-lower semicontinuous and F (x) is a non-empty α-convex set for each x ∈ X. Then, for each ε > 0, there is a continuous function f : X → Y such that d Y (f (x), F (x)) < ε and f (x) ∈ T (x)
for each x ∈ X.
P roof. Let ε > 0. By (i), for every x ∈ X, there is a neighborhood U x and 0 < ε x ≤ ε such that for all x ∈ X.
